We study the properties of a non-abelian gauge theory subjected to a gauge invariant constraint given by the classical equations of motion. The constraint is not impossed by hand, but appears naturally when we study a particular type of local gauge transformations. In this way, all standard techniques to treat gauge theories are available. We are going to show that this theory lives at one-loop and has similar properties as Yang-Mills theories on nonsemisimple groups [1] . Also this model retain some quantum characteristic of the usual non-abelian gauge theories as asymptotic freedom.
Introduction
In this paper, we study the properties of a non-abelian gauge theory in which the expression δ(D µν F µν ) appears in it's generating functional. This constraint is generated, not impossed by hand. To implement it,we will introduce a new field B µ and a new transformation δ ε 1 , with these elements we will construct a Lagrangian that depends on the usual gauge field A µ and on the field B µ , in such a way that this Lagrangian will be invariant under * jalfaro@puc.cl † plabrana@puc.cl 1 both transformation. The constraint appears naturally when we study the generating functional of the system. It is interesting to study this model for the following reasons: We are going to show that it is a one-loop theory (from there the title of the paper). It follows that computations as the β function will be exact. Some relevant questions shall be answered: Is it necessary to renormalize the model?, is the theory asymptotically free?
It will turn out that indeed the theory is renormalizable and asymptotically free if the gauge group is non-abelian. But, because of the vanishing of the higher loop contributions, the theory is not unitary.
The paper is written as follows: In section 2 we introduce the fields, the gauge transformations and find the invariant Lagrangian that produce the classical equations of motion as constraints. In section 3, we quantize the model using the BRST formalism [3] and the background field method [4] . In section 4, we present the main result of the paper: the β function, and prove that the theory lives at one loop. In section 5 we analize the conclusions.
The gauge transformations
We work with a compact semisimple Lie group, with generators T i and structure constants C k ij .
[
The fields A k µ and B k µ have an index k in the algebra running from 1 to algebra dimension N. The index µ goes from 0 −→ 3. The space-time metric is g µν = {−, +, +, +}. We are going to work in the adjoint representation of the group, then fields and infinitesimal parameters will be defined as follows:
Let's continue defining the following transformations obtained from [2] . These transformations depend on two parameters and form a closed algebra.
They split into two classes, homogeneous and inhomogeneous transformations.
The homogeneous transformations are:
They act over pairs of fields (A, B), which can be thought as one field Φ defined by:
where the first component of Φ transforms as (4) and the second according to (5) . The inhomogeneous transformations are:
They act over pairs of fields (A µ , B µ ) ,which can be thought as one field Ψ µ :
We can also unify the gauge parameters in ε:
We can see that under a transformation with ε 0 parameter fields A and B transform as scalars in the adjoint representation of the group, and A µ transforms as a usual gauge field. Under ε 1 transformation A and A µ don't transform while B and B µ transform mixing with their partners.
The covariant derivatives are defined as a function of the transformation as follows:
and transform homogeneously as component of a Φ field. The field strength is obtained, as usual, commuting two covariant derivatives. We get:
where we have defined:
They transform homogeneously under a gauge transformation and can be grouped into:
Since the field strenght transform homogeneously we have the following gauge invariant Lagrangian:
If we work with compact semisimple Lie groups [6] , we can normalize T i as follows:
This condition also implies the antisymmetry of the structure constants. We use this condition for rewriting (13). Then we obtain:
where we have used the notation defined in (2). The first term in (14) is a usual gauge invariant Lagrangian density while the second term is a new expression linear in the field B µ .
The constant g and g ′ can be absorbed by the tensors F k µν andF k µν if we do a changed of scale; A µ −→ gA µ and B µ −→gB µ .
Then we obtain
where we have defined g ′ = gg and the fields strenght now are
We can note that the theory has only one coupling constant: g. We prefer to work with the Lagrangian (14) keeping in mind that the coupling constant is g and that L can be written in the form (15).
The classical equations of motion are:
It is interesting to notice that A µ satisfies the Yang-Mills equations of motion and transform as a usual gauge field then it's a genuine Yang-Mills field whereas B µ , will generate a constraint in the path integral.
Let us consider the generating functional for the system:
5 Now, we integrate over B µ to get:
with
Thus we see that the model is equivalent to a non-abelian gauge theory subjeced to the constraint. Taking advantage of this situation we will study the gauge theory with the constraint studing this new model (14) by placing A µ and B µ on the same level, forgetting for a moment that A µ satisfies the classical equation of motion and that B µ is an auxiliar field. The kind of diagrams that we can construct will show us that B µ is an auxiliar field and that this model corresponds to a theory of the same kind as (16).
From the expression (16) we can note that if we integrate A µ we obtain:
where both, the determinant and S 0 , are evaluated in the classical solution of A µ . This expression, times a factor 2, is the semiclassical value of Z . This is a hint that the theory lives at one loop. It's interesting to note that the new term in the Lagrangian could be generated in the following way. First we calculate the variation of L 0 respect to A µ :
then, we define B µ = δA µ as a new independent field. The new expression that becomes from (18) it's:
where F k µν andF k µν were defined in (12). The transformation (7) could be found in a similar way if we calculate the variation of δA µ and defining δε 0 = ε 1 as a new parameter.
In this way we can recover our previous results.This way of proceeding is general and it could be used in any Lagrangian with similar results, even if there isn't a gauge symmetry to start with. (See the Appendix).
The Model at the Quantum Level
We will quantize our model (14) using the BRST formalism [3] and the background field method [4] . The BRST transformations are:
Let us write A µ → A µ +Ã µ and B µ → B µ +B µ , where (A µ , B µ ) are the background fields and (Ã µ ,B µ ) are the quantum fields.
We get the effective Lagrangian:
It follows that the Feynman rules are [5] :
Vertex: a) Gauge Fields:
The β Function
Let's proceed with the computation of the β function as a first way to explore the properties of the model. The diagrams that contribute to this are listed below:
were we have written only the pole part of the graphs.
Adding the three diagrams, we get:
Since explicit gauge invariance is retained in the background field method [4] , we have the following relation between the β function and the field renormalization factor Z A :
Then, our β function is:
where C 2 is the Quadratic Casimir operator. We see that the theory is asymptotically free. Now we will show that the model get corrections from one loop contributions only.
Let's begin the proof with diagrams that contain only fieldsÃ andB propagating in them. To form these diagrams we have the propagator P 1 that conects fieldÃ µ withB ν , the propagator P 2 that conectsB ν with itself and the vertices type V 1 and type V 2 . Vertices V 1 only contain one legB and its other legs are A orÃ. Vertices V 2 only contain A orÃ legs.
The quantum fields live only inside loops [4] , and we don't have a vertex with two legsB, then the following condition must be satisfied to form a diagram:
The number of loops in a diagram is
if (38) is satisfied, the equation (39) becomes
Therefore it's imposible to form diagrams with L > 1 that contain only fieldsÃ andB in them.
Let's continue with diagrams that contain ghost field. The ghost's propagators connectC 0 with η 0 andC 1 with η 1 The forms of the vertices are
To construct diagrams with L > 1 that contain ghost field inside, we must include P 1 propagator. Therefore we have to include the vertex (C 1 η 0B ...) in this diagrams, but we can't connect this vertex with the other vertices keeping the ghost field inside the loop, because the vertex (C 0 η 1 ...) doesn't exist.
Therefore it's imposible to form diagrams with L > 1. Also it's a important comment that all external legs of our diagrams are ending in A fields, then quantum correction to the effective action only depend in A. This corrections have been generated by the new term in the Lagrangian, because all the propagators and vertex that we used depend on this term.
Conclusions
In this paper, we have studied the properties of a non-abelian gauge theory subjected to a gauge invariant constraint given by the classical equations of motion. For this purpose we constructed a model of quantum field theory from a type of local gauge transformations and proved that this model is equivalent to the gauge theory subjected to a constraint.
We proved that the theory lives at one-loop and that the quantum corrections to the effective action depend only on the usual gauge field A µ . Also we can note that the scattering amplitudes with external point A µ only exist at the tree level and the loop correction gives non-trivial scattering amplitudes only with B µ as external point. Such amplitudes are absent at the tree level. This type of results are similar to those obtained in [1] , although our motivation and starting point were entirely different.
We computed the β function and from this result we conclude that the theory is asymptotically free, retaining in this way the usual non-abelian gauge theory properties. Moreover becouse the theory lives at one loop the computations of the β function is exact.
were we have definedφ = δφ as a new independent field. The new action is:
Then the generating functional will be: Z = Dφ Dφ e iS = Dφ e iS 0 δ(Classical Eq. f or φ)
The theories constructed following this scheme have properties similar to our model, for instance, they live at one-loop level and only the field that satisfies the classical equation of motion appears in the quantum corrections to the effective action.
